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KNOWLEDGE INSTITUTE OF TECHNOLOGY, SALEM
MAG6351 -TRANSFORMS AND PARTIAL DIFFERENTIAL
EQUATIONS
QUESTION BANK
(COMMON TO ALL BRANCHES)

Unit | - Partial Differential Equations
PART A

Form the PDE by eliminating the constants a and b from
Z = ax+by ++/a’ +b?

Giventhat z=ax+by+ya2+b? .......(i)

differentiate w.r.t X: %: p=a+0+0 =p=a

Soln:

differentiate w.rt y: %:qzb =q=Db

Substitute a and b in (i)

S 2= pX+qy++/p>+q> Whichisre

Form the PDE by eliminating the arbitra
from z=(x"+a”)(y*+b*)

Soln: Given that z=(x2+a2

ed PDE.
nstant aand b

ooooo

Form the PDE by eli
from (x—a)’ +(y—b)"+

OX
o .
I 2
y
. rm the PDE by eliminating the arbitrary function from

erentiate w.rt y: @zqz 1.2y .e..(iii)

Gii) q 2

iminate T : S py—gx=0

()

Soln:  Given that sz[lj ()]

X

. . . az_ _ , y _y ..
differentiate w.r.t x: o p=f (K)( 42) ...(ii)

differentiate w.r.t y:%zqz f (%)(%() (1)
Eliminate f : ﬂ =P o px+qy=0.
(iii) g X

6. Form the PDE by eliminating the arbitrary function from

()



Soln:  Given that 7= f(ﬂ ........... i)
zZ
. . .oz cxy Zy — Xyp .
differentiate w.r.t x: > p=f ( 4)(7)(11)
. . oz , X —
differentiate w.r.ty : 5:q: f (X%)( szyqj <o (i)
Eliminate f.

) _ p_y(z-%)
(ii) g x(z-ya)
Form the PDE of all spheres whose centre lie on Z- axis .
Soln: Equation of the spheres with centre on Z — axis is

x2+y2+(z—c)2=r2 ...... (i)
Centre (0,0 ,c)and radius =r.
differentiate w.rt x:2x+2(z-c)P=0 ......... (i1)
differentiate w.rt y:2y+2(z-¢c)q=0 .......... (ii1)
ﬂ :>£=— Sopy—0gx=0.
(i) q vy
Find the PDE of the all plane having eq
andy axis .

=px(z-yq)=qy(z—xp) .. xp=yq

Soln:  Equation of the plane is Xy Y. Z 9

Since x intercept =y intercept
. from (i) XYLz
a a c

...

Soln: Given th

= f(p,q)=yp+a-1

The solution is

+by+c......... (1)

(i)in() z=ax——2_y+c. Thisis
a+l
omplete solution. Differentiate w.r.to ‘c’ both sides 0 =1
bsurd ) . .. No singular solution.
Obtain the Complete integral of z= px+qy—2«/ pq
Soln: The Clairaut’s form is z = px+qy+ f(p,q)

The Complete solution is z = ax+by —2ab
(Replace P=a&q=Dh)

. Find the singular integral of z = px+qy—p°q’

Soln: The Clairaut’s form is z= px+qy+ f(p,q)

The Complete solutionis Z =ax+by—a’b* ... @)
Differentiate w.rt a: 0=x- b’

Differentiate w.rt b:0=y- a’

Eliminate a and b :>a=\ﬁ ,b=x from (i)

.'.z=\/§x+\/§y—xy.

As there is no constant term, that is the singular integral.

ingular integral of pg+ p+q=0.
=0 = f(p,a)=0ie, pg+p+q=0



13. Find the Complete solution of p—x*=q-y? The Auxiliary equation is: m’+4m=0 =m=0,2,2
Soln: Given p—x?=q-y? = a (say) The solution is
— p=x’+a,q=y’+a. ~z=f(y+0.x)+ f,(y+2x)

Now dz=pdx+qdy = dz=(x*+a)dx+(y>+a)dy

[dz=[ (¢ +a)dx+ [ (y* +a)dy D®)z=0
X3 y® . .
z=?+ax+?+ay+b . This is Complete solution. M—1=0
14. Solve p+qg=sinx+siny.
Soln: Given p+q=sinx+siny =a (say) +X)+ f, (y+ix)+ f,(y—ix).

= p-sinx =siny—-qg=a
= p=sinx +a, q=siny-a
Now dz=pdx+qdy = dz=(sinx+a)dx +(siny—a)dy

.'.jdz :j(sin x+a)dx+_[(sin y—a)dy

')32:0.

e Auxiliary equation is: (m—2)(m—1)3 =0

. m=2,m=1,1,1

ir centre on the e solution is

z="f(y+2)+ f,(y+x)+x f(y+x)+x*f, (y+x).
19. Solve ptanXx+qtany=tanz

Z=—C0SX+ax—cosy—ay+b. This is complete soluti
15. Find the PDE of the family of spheres having
linex=y=z
Soln: The equation of such sphere is

Soln: P, +Q,=R (Type)
S P=tanx,Q=tany,R=tanz
dx _dy _dz

The auxiliary egn. is: —
yed P Q R

dx dy dz
tanx tany tanz

(i)  Consider _9x __dy
tanx tany

Integrating both side we get, logsin x=logsiny+logC,

Soln: Given that (D°-4D*B4DD?)z=0 (put D=m,D'=1)




: 2(y-b)=2z.qcot’ a ....(i)
o and y-b=z.qcot’a

. Iog[S'_n X jz l0gC, — sinx _ c Differentiating partially w.
From (i) and (ii) = x-—a=

(i) Consider _dy = gz
tany tanz
Integrating we get, = S'_n y _ C,
sinz
.. The Solution is [S'_n X 3Ny J:O.
siny sinz

20. Find the general solution of px+qy =z.
Soln: This is the Lagrange’s type pf PDE where

PexQ=y. R=2 XY — 4z=1-X*—y°.
The auxiliary equation is: ax_dy _dz _ Ox _dy_dz 4 4
P QR x Y d the plete solution of z =5+1+m
Consider %:d_y 5_(:l Ppg gq P
Y y In:Giventhati:§+l+m ........... (1)
Considerﬂ=$ :>X=C2 Pa q p
y oz z From (i) z=px+qy+(pq)%

21. Find the Particular integral of The complete solution is  z = ax+by+ (ab)%

Soln: 25. Form the PDE by eliminating arbitrary function from
o(z> — xy, x/z) = 0.
Soln: Let u=z®— xy V:E
Then the given eqn is of the form ¢(u,v) =0
u  dv
The elimination of ¢ from the above eqn we get dx dmf -
22. Form a PDE by eliminati itrary ant a and b ¢ nwes ‘g %

from the equatio z° cot? oy I
q o 2zp—y — o
Soln: Given (x—a) 2z2q—x —
Differentiating partially wgio x: 2(x—a)=2z.pcot’« ...... @) ie, px®—qlxy— 22 ==



PART B

Formation of PDE
Form the PDE by eliminating the arbitrary function from the relation

(i) z= y2+2f(%+log yj. (ii) z=xf(y)+ y?*g(x)

1. Typel: F[p,q]=0
(i) Vp+4a =1 (i) pg+p+9q=0

(i) p° +9° —4pq =0 (iv) p>—2pq+3q=5

2. TypelIl: { Clairut’s form } z=px+qy+ f(p,q)
(i) z=px+aqy + p*—q°.
(i) 2= px+qy+«/1+ p® +q°
(iii) z = px+qy+—2«/pq
7 Xy
(iV)—=—=+=+,pq

P g p \/—

(V) z=px+ay+ y1-p®-q

3. Typelll: f (z, p,q)=0

() pd-9*)=q@-2)
(i) p (1-9%)=q(1-2).
(V) z°=1+p*+q°

4. TypelV: F(xp

(iii) p’y(1+x
5 TypeV: F(XY,Z,
() pP’x*+qy*=z

) pP+gi=z(x*+y?)
(i) Z2(p?+q?)=x+y

(V) px+aqy=z

W) 2 (p2+q?)=x2+
6. Type: VI  Lagrange’s m
% This is of the form : Pp+

*

+X)q=z+y
p+ Y(X *+ 2)g=2(x > - y?)

I1: Homogeneous P.D.E
The Complete solution: z=C.F + P.I
ToFind C.F = case (i) If m; =m, =m, (real and equal)
z=f(y+mx)+x f,(y+mx)+ x* f,(y + mx)
case (ii) If m; #m, =m, (real or complex and different)
z=f(y+mx)+ f,(y+mx)+ f,(y+mx)

ToFindP.I =
ax+b
case (i) RHS=€ d
e ax+by e ax+by
P.l }repalce Dbyaand D'byb

~f(D,D) f(ab)



Case (ii) R.H.S = sin(ax+by) (or) cos(ax+ by) (xix) Solve (D®-7DD"? '*)z =sin(x + 2y).

—s p.|= Sin(ax + by) (or) cos(ax+by) _ sin(ax +by) (or) cos(ax+by) Non-Homogeneous P.D.E
f(D?,DD',D'?) f (—-a%,—ab,-b?)
}repalce D? by —a*, DD' by —ab and D'? by —b? i —2Y).
sin(x +2y).

Case (iii) R.H.S= x Py 9 (p, g being positive integers)
xPy=[f(D,D)] " .xPy*

"z =sin(2x +y).

= Pl :W

(i) (D®-2D*D")z =sin(x+2y) +3x°y.

(ii) (D* —DD’'-6D'?)z = x*y +e¥",

(iii) (D* —6DD’+5D'*)z =€*sinhy + xy.

(iv) (D* + DD’ —6D'?)z = yCcoS X.

(v) (D®-7DD"* —6D"®)z = cos(x + 2y) + 4.

(vi) (D2 -DD —12D'2)z =e™ 4sin(y+2x)+xy

(vii) (D*+D’D —-DD? -D?®)z =¢e* cos2y.
(viii) (D? = 4D ")z = cos 2x cos 3y
(ix) (D* +2DD +D?)z=x’y+e*”

o’z _ 0z 0%z

X) — -5 +6—=ysinX
()ax2 oy 8oy y

(xi) (D3 +D’D -DD’* -D’ +1

given that when x =0, Q:asiny and Q:o.
OX oy

Unit 11
Fourier series

rite down the Dirichlet’s conditions for a function to be
panded as a Fourier series.

Solution:
\ 1) f(x) is single-valued, periodic and finite in (c,c+2 7).

1.

ii)f(x) has finite number of finite discontinuity and no infinite
discontinuity in (c,c+2 7).
iii) f(x) has finite number of maxima and minima in (c,c+2 z).

2. What is the constant term and coefficient of COSNX, @, in the

- 2 _ v _
(xiii) (D” = DD ~2 Fourier series? Expansion of f (x) =x—x%in (-7,7) ?

(xiv) (D*—-6DR. +9

(xv) (D? DD Sol_utlon: o ' ) . . .
Given f(x)=x-x" and since f(-x)= -x+x°=-(x-x")=-f(x).The given
(xvi) Solve (D* -3 , function is an odd function,ag and a, is zero.

(xvii) Solve (D? +3DD
(xviii)Solve (D®-2D?D")z

'2)z =sin(x +5Y).
2 4 3x%y



3. If the cosine series for f(x) = xsinx ,0< x< 7« is given by Put x= 7, (point of discontinuit
(=D" f(7z)+f(—7z)_7z_2+

Xsinx = 1—%cos X — 22 cos nx, show that

~n?-1
1+2[i_i+i_,_}=z, LS
1.3 35 57 2 3 n:lnz_ 6

T . . . ..
Soln: Put x = —, which is a point of continuity. . .
2 P v to f(x)=x in the interval

T n ., T
f(x)=f(=) = =sin(=) = —. ; P
()= 1( > ) > ( > ) > x). Without finding the values of
T . . .
Sub x = — in the fourier series. =
2 +Z(an2+bn2).

1—lcos£—22 -1 cosnZ =",
2 2 n 2 2

1+2 i—i+ ! ==
13 35 57 2
e constant term in the Fourier series corresponding to

(x) = cos® x expressed in the interval (-, 7)?
Solution:

4. 1f the Fourier series of the function f(X)= in—z<x<rm

4cosnx  2sinnx z
is —+Z { , then find of the inf‘ a, _1 .[ 1+ C(2)S 2de=£[ [sm 2x]0 _
7T: T

1 1 1
series 1—+?+§+
7. 1f f(x)isdefined in—3<x<3, what is the value ofbn ?

Solution:

= jf( )sm—dx

Solution:

Given f(x) =x+x? = —

8 .Find 4, inexpanding e* as Fourier series in (-7,7) ?
Solution:



expansion of f(x)in(0
Solution:

T 1 1
a, _1 J‘ e'dx = —[e']", = —[e" —e"]
T V3 T

3 2sinh
T

1—3,—7r< x<0

9. f(x)= A IS even. State true or false.
1+—0<x<nx
T
Answer : True. ion: ier series of the form

2X . .
1+ —,—7<-x<0 snx+Db, sinnx)in(0,2x),then

X)= Y4
e 1—%0<—x<7z 2 1
z dx=%+52(an2+bn2)
2X n=1
B 1_7'_” <x<0 mean by Harmonic analysis?
- 2X process of finding the fourier series for a function given by
1+ 7'0 <X<7z erical value is known as harmonic analysis.
= f(x). In harmonic analysis the Fourier coefficients d,, d,,, b, of the
10. X =2 5'”X_5'n2X+5'n3X___jin 0 ove that function y =f(x) in (0, 27 ) are given by
1 2 ap = 2[mean value of y in (0, 27 )]
© 1 g2 an = 2[mean value of ycosnx in (0,27 )]
Z—z =— bn = 2[mean value of ysinnx in (0, 27 )]
-n 6 ; : .
n-1 14. Define R.M.S value of a function f(x)ina<x<b.
Solution:

R.M.S value of a function f(x)in a<x<b is defined by

: . . . 2(-)™*
Given the sine series exp is b, =——— —2 1 ° ,
| n y :—j[f(x)] dx
By Parseval’s identi b-as
15. Find the R.M.S value of f(x)=xin 0<x<|
— 1 | ) |2
=—| x“dx=—.
) V= ! 5

=1 2 or
s _—= = —
;nz 3x2 6

11. State Parseval’s Identity fo Half -Range COSINE



I
Neh
16. Find the R.M.S value of Yy =X? in (-7, 7)?

Solution: If y is the R.M.S value, then

y:

—2_ 4 4 X5 T
P (_ﬂ)jxdx:—fx dx = —[g]o

_2_7[4 ._2_7Z'2

y = 5 Y -5

17. Find the Half -Range SINE series of f(x)=x in(0,7)?

Solution:
= EI Xsin nxdx = [—x(COS nx) + S'”an]g
Vs n n
_ n+1
=£[_7; cos nyz]:> 2(-1)
T n n

The required sine series is

f(x) = ansin nx

sm 2x sin3x

f00=2[ .

18. Find the vaIue of apin the g
in the interval ( 0,10).

sin x

19. Find by, in the expan Fourier series in (-, 7)

Solution:

bn=0, since f(x) is an functionin (-, 7).

20. If f(x) is an odd function
and ap?
Solution:
ag=an=0, since
21. Find a Fourier
Solution:

n=1,3,5 nz
fourier series for the function f(x) =0, 0<x<r is

_1 E[COSZX cos4x 1. 1 1 1

r 7 13 35 13 35 57
Solution: Put, x :%, we get
T P N S SO o
2 ~ nm 13 35 57 2
oozl 1.1 .1
7 n 13 35 57 2
1 1 1 1 1., 7z
13 35 57 G
_72._
4

23. Write the Fourier sine series of k in (0, 7)
Solution:

+.o.]+ Esm x.deduce that — — —+ ——

ined in (-1,1).what are the values of a,



f(x)=ibnsin nx _ ) ) )
hel rier series of period 27 in the

sum of the series

1. Express f(X) =(7r—x)2

b, ZEI” £ (x)sin nxdx:gj”ksin nxdxzﬁ[—cosnx]g =ﬁ[1_(_1)n] interval 0< X < 27 .Hence deduice
0 0 V4 n nz

0,n is even
b, =1 4k 2. (7 —x) in(0,27).
nz 3. in(0,27).
= 4k 4k & 1 . . . . .
Lf) =D —sinmx=— > sin(2n—1)x. rier series of period 2zin (0,27).
n-135. N7 7 nizs.2n-1

24 \Write the complex form of Fourier series for f(x) defined in the
interval c, c+2l.

2 L 1 :0<x<~x
Ans:  f(X)= C,e ! _
( ) n=z—oo {2 T T<X<L2rx
ier series expansion of period 21 for the function
c+21 —inzx 2
Where C — & [ f()e ' dx )=(I—x)" in the range (0,2l).Deduce the sum of the
o2 Y

25.1f f(x)=|x expanded as a Fourier series in x <z Find ay.
X 0<x<3
6-Xx:3<x<6
2—-x =2=<x<0

2+4x :0<x<2

. Find a Fourier series expansion for f(x) = {

8.Find the Fourier series expansion of f(x):{

2

Hence deduce that i2+i2+i2+ =L
1 3 5 8
I-x, 0<x<I
9. Find the Fourier series of f(x)= . Hence deduce
0, I<x<2l
2
thatlz+i2+i2+....:”—and1—1+l—l+....=£.
1 3 5 8 3 5 7 4

10



10.

11.

12.
13.

14.

15.

16.

17.

18.

4

Determine the Fourier series expansion of xsinx in —z <x<r. P

Hence deduce that

1* T 90
+X, —7<x<Z0 . . ) .
Find the Fourier series expansion of f(x)= {ﬂ 0 ZX SN ) 7z, for the function
7—X,0<x<x
f(x)
2
Hence deduce that Z; =T 1 1 7’
_1 2n 1) 8 1—2+ ...... PO =1 and
Determine the Fourier expansion of f( )X, —r<x<z.
Obtain the Fourier expansion for f |S|n x| in the interval T el
—T<X<T. f X+1 —7x<x<0
Obtain the Fourier expansion for f(x)=|cos x| in the interval sionof 1) =1 1 gcxen
—T<X<T.
Obtain the Fourier series expansion of T<X<T.
14 ﬁ s <x<0 form of the Fourier series of
f(x) = 7  Deduce in (-,Dand in (-7, 7).
1_§ , <X . ®ind the Complex form of the Fourier series
V4 )=sinX, —z<Xx<r.
thatl+i+i xpand f(x)=e™* asF.Sin (-1,1).
1> 3% 5? erive the complex form of Fourier series for f(x) =e®,
Find the Fourier series of f (x) = - < X< z.Given that ‘a’ is real constant, Deduce that
smh ar ¢ z( 1" a-+in e‘"x
show that a? +n?
(i)i+i+i+ sinza inx
13735 57 (i) cosax = === (-1)" ?e
Find the Fourier se (iii) Z O T
= n*+a’ asinh arx
and hence sho 24. Find half range cosine series for f(x) = x in [0, 7] and[0,1]. Deduce
th f the seri LR
Find the Fourier seri —x)2,0< X< . € sum ot ne series 1_2+3_2+5_2+ """

11



25. Find half range cosine series for f(x) =x(2—x)in 0<x<2. X 0 5T | T
.1 1 1 1 6
Deduce the sum of the series 1—2—2—2+3—2—4—2+ ...... f(x) | 1.98 0.5 | 1.98
26. Find the half range sine & cosine series for i
1 1 1 3 Show that f( 04 sin @, where 8 = —.
f(X)=x(r—x) in (0, 7). Deduce that — — —+ ——....... =T . - . .
¥ 3 53 32 34. Find the tant t fficients of the first sine and
. 0<x< |  cosine term e Fourier e i as given in the following
27. Obtain sine &cosine series for the function f(x) = 2 1 3 4 5
I—x-l<x<l y 18 28 26 20
20T . the Fourie ine sefies up to third harmonic to represent the
28. Find the half range sine series for n by the f data:
_ 2 1 1 1 0 2 3 4 5
f(x) =4x -x“ (0,4). Deduce that T + o3 | 8 15 - 5 >

29. Find the half range sine series for f(x) =Ix—x* in (0,1)
30. Find the Fourier series upto third harmonic for the functio
defined in (0, 77) from the table.

X 0 T 2 3

6 | 6 | 6
f(x) | 234 | 22 | 16 | 0.83

31. Find the F.S up to the third harmonic for

defined by the table of values gi
X 0 T 2z

Unit 11
Applications of Partial Differential Equations

is the basic difference between the solutions of ODWE &
DHE?

oln : Solution of the ODWE is of periodic in nature , but solution of
the ODHE is not of periodic in nature .

In steady state conditions derive the solutions of one dimensions
heat flow equation.

Soln: When steady state conditions exist the heat flow equation is

f(x) | 1 independent of time‘t’. (Z—Ltj =0
32. Determine the first two harfienics € [ i€ ' ey
data . The heat flow equation becomeSF =0 .
X X
2 2
In the wave equation 8_2/ =c? 6_32/ What does €” stand for?
f(x) | 1.9 ot OX

» _T _Tension
m  mass
4. State ODHE with the initial and boundary conditions .

12

33. The following table giv
over a period T.

of a periodic function Soln: ¢




ou , 0% 8. Arod 30cm long hasits e A and B kept at
Soln: The ODHE is o o PvE 20°c and 80° respectively ady conditions prevail. Find the
steady state temp in the rod.

The boundary conditions are  a) u(0,t)=k;’c for all t >0
b) u(l,t)=k,’c for all t>0

The initial condition isu(x,0)= f(x),0<x<I. - i Ul o - - (1)

5. State Fourier law of heat condition.

Soln: Letl =30c

Soln: The rate at which heat flows across an area A at a distance x
from one
end of a bare is given

By Q=-k A(%uj K is thermal conductivity and
X

(a—uj the temperature gradient at x.
X Jy

2

—aza—g ,Here A= ¢® ,B=0, C=0
6. Classify the PDE u,, +xu, =0. _ 28 _ _
-.B*~4AC=0 = Itis parabolic equation.
Explain the initial and boundary value problem.
Soln: 1VP: In ordinary differential equation the general solution
contain the arbitrary constants; we determine these constants from the
given initial values which is known as initial value problem.

BVP: In ordinary or PDE the solution of the differential

Soln: HereA=1,B=x,c=0 = B?’-—

a) 452U Iy o* equation satisfies some specified condition called Boundary
ox> o condition, any differential equation together with these boundary
22u &4 conditions is called BVP.
b) —+—= 11. Define Temperature Gradient.
ox oy Soln: The rate of change of temperature with respect to distance is
Soln: a)A AC =0 = Itisparabolic called temperature and is denoted
equation.

. _— . By 8_u . We note that a—u = limiting value of U —u, _
b) A=1,B=0,c=1 .. <0 = Itis Elliptic equation. OX ox »

12. Write down the three possible solution of ODHE.

13



13.

Soln: 1) U(X,t)=(C1X+C2)C3 ii)éy(x,o): (0. 0<
iu(xt)=(c,e” +c e )cq eazpzt ot

- 17. State thermally insulate
iii)u(x,t) = (c, cos px+cysin px) ¢, e * P, Soln: It there wil

State all the possible (or) various solutions of one dimensional theq that two end
wave equation. 18. Write the b

Soln: (i) y=(cx+¢,)(ct+c,)
(i)y =(c,e” +c,e™)(c,e™ +c,e ™)
(iii) y =(c, cos px+c, sin px)(c, cos pct +c, sin pct)

14. State all the possible (or) various solutions of Laplace
equation obtained by the method of separation of variables.

through the end of the bar

conditions for solving
string is subjected to initial

0 iii) %y(x,O) =g(x) W) y(x0)=1f(x).
2 2
ou +C82+Da—u+Ea—u+Fu=G ,
oxoy oy OX oy
e A,B,C,D,E,D,E,F,G are functions of xandy only.
1. Elliptic if B>*—4AC <0

2. Parabolic B*—4AC =0
3. Hyperbola B? —4AC >0.

Soln: (i) y=(c,x+c,)(cy+¢,) +B

i)y =(c,e™+c,e ™) (c,cos py +c,
(iii) y = (c, cos px+c, sin px)(csepy +c,e ™

15. A tightly stretched string with fixed en
is initially at rest is its equilibrium posi

tsx=0and x=I
It is set vibratin

down Initial 20. Classify the PDE
xzfxx+(l—y2)fyy =0, —o<x<wand -1<y<1

Soln: Here A= x* ,B=0,C=1-y* .. B*-4AC=0-4x’(1-y)
for —1<y<1,1-y*>0 and x* >0 always.
-.B*—4AC<0 = Theequation is elliptic

giving each point a velocity y, sin®
condition and Boundary conditig

Soln: Boundary condition:
Initial conditio

Dy(x,0)=0

16. Write the initial [ ave equation if the string 21, In the one dimensional heat equation M _ a—l: what is c2?
has an initial veloci ot ot

Soln: The initial condi ,0)=0 for, O<x<lI

14



C2

S =specificheat .
22.

23.

:L where K =thermal conductivity , p=density,

Soln: 1
y=3 [ (x+ct) + @ (x

p.S

Write down the two dimensional heat equations in transient state.

S ou L(du du
Soln: —=c¢ ~— + ~
ot ox® oy
Write down the two dimensional heat equations in steady —state in
Cartesian form.
| o’u N o°u 0
Soln: =, T<-,=V.
aXZ 8y2
24. Write down the general solution for he string problem when
velocity is given.
Soln: y=>'C, sin(nij.sin(miaj.
n=1
25. What are Transient and Steady state?
Soln: The state in which temperature on a bar /
change of time is called Transient State.
The state in which temperature on a
with change of time is called Steady state.
26. Write down the Two Dimensiong
8%2u  8%u
E'FF: 0 {B[‘}un+11ﬁ
27. Give the suitable solution of Heat Equation.
i. ulx,yv) = (Aco ' J
ii. ulxy) =( :
28. What is the main en stea ate and unsteady

changes wi

remains constan

29. Give the D’Alemberts Solution when the string is at rest.

15



PART B
(Separation of variables)
1. Solve using separation of variables method
(i) yux+ xuy =0 (ii) X’q +y°p =0
(iii) ux = 2 ug+ u, where u(x,0) = 6™
2. Obtain the solution of wave equation.

and each of its points is

the Ve|0City IS yosin37zl_x 0<x<l -

Determine the displaceme
2. A tightly stretch i

O. D. W. E (Vibration of String - Initial velocity is zero)

1. A string is stretched and fastened to two points x = 0 and

x = | apart. Motion is started by displacing the string into the form
y=k(Ix—x*)from which it is released at timet=0. Find the

displacement of any point on the string at a distance of x from one

end at timet.
. A tightly stretched string with fixed end points x=0and x=1 is

initially in a position given byy(x,0)=y,sin’

released from rest from this position find the displace
any distance x from one end at any time t .
. A string is tightly stretched and its en
pointsx=0 and x=1. The midpoint
transversely through a small distan

released from rest in that positie
transverse displacement of
subsequent motion.

ength | is initially at rest in its equilibrium position
of its points is given a velocity v such that v

= 2kx/l, 0<x< 1/2

= 2k(1-x)/1, 1/12<x<|

etermine the displacement function y(x,t) at any time t

. A tightly stretched string of length 2l is fastened at x = 0 and

x = 21. The midpoint of the string is then taken to height ‘b’
transversely and then released from rest in that position. Find the
lateral displacement of the string.

. A tightly stretched string of length | with with fixed end points

is initially at rest in its equilibrium position. If it is set vibrating by
giving each point a velocity y, (x,0) =V, sin3(3|—ﬂxj cos(lﬁj,

where 0<x<I. Find the displacement of the string at a point, at a
distance x from one end at any instant ‘t’.

ONE & TWO DIMENSIONAL HEAT FLOW EQUATION (OR)
LAPLACE EQUATION:
1. A square plate is bounded by the
linesx=0,y=0,x=20 and y=20. Its faces are insulated. The

velocity is given)
itially at rest its equilibrium position

16



temperature along the upper horizontal edge is given by ) 10y f y<10
u(x,20)=x(20—x) when 0<x <20 while the other three edges give by u= 10(20-y) for 1 0 and the two long
are kept at0 °c . Find the steady state temperature in the plate. edges as well as the other short

2. A rod 30cm long has its ends A and B kept at 20°and edge are kept at e steady state temperature

80° respectively until steady state conditions prevail the distribution

temperature at each end is then suddenly reduced to 0°Cand kept
so. Find the resulting temperature function u(x,t) taking x=0 at A.
3. The ends A and B of a rod 30cms long have their temperature kept
at 20°C and the other at 80° C until steady state conditions prevail.
The temperature of the end B is then suddenly reduced to 60°C and

kept so while the end A is raised to 40°C . Find the temperature is pi continuously differentiable and absolutely
distribution in the rod after time t. i
4. An infinitely long rectangular plate with insulated surfaces is 10
cm wide. The two long edges and one short edges are k
temperature, while the other short edge x = Qis kept at
20y ;for 0<y<5
20(10-y) ; for 5<y <10
temperature distribution in the plate.
, 0%
o

" £ ()" Ocitds OR f (x) == [ ’ [ " f(t) cos At — x)dtd A
272- —0 o —00 Via 0 J—o

givenby u= i ) )
fine Fourier transform pair.

If f(X) is defined in (—o0,0) then its FT is defined by

\ F(s) =%T f (x).e™dx.......... 0]

If F(s) is the FT of f(x), then every point of continuity f(x), we

5. Solve the equation gt—u =a subj

conditions
u(0,t) =0, u(l,t) =0 and u(x,@

. have
6. Solve the equation — 1 e _
f(X)=—=| F(s)e™™dx........ 2
u(0,t) =0, u(l,t) = 3Si : re 0<x<|. ) 27 L‘O ®) @)
7. Arrectangular plate i Expressions (1) & (2) are called FT pair.
20 cm wide an

considered infinigg,i i an appreciable 3. Find the Fourier transform of f(x) is defined
error. If the tempe [ i 1:a<x<b
by f(x)=1 2"
0 ; othewise

Solution:

17



The FT is
F{F(0) =% L
J_je'sxdx

4. Find the Fourier transform ofe

Solution: F{f(x)} = % j e Me™dx [.-e"™ = cossx+isinsx]
T 2

e ™ cos sx dx+ ——
J_ I Jz

=— j e *cossxdx =
T

Jz_
5. Find FT of f(x) ={

Solution:

FLf(x)]= % [ e ax=

Solution:

F(f(x-a)]=

f (x)e™dx

eISX b 1 eisb _eisa

\/_72' is ]a_ﬁ[ is ]

f (x).e™dx =e™F(s)

X

I e M sin sxdx

\/E [i] [ e cosbxdx =— a
1+ a

X <a

0;|x>a>0
rom (1) & (2) we get

F [f(X)]=¢""

F.LT(X)] \/7

Using inverse formula,

), incEhe f(x)= \/7'[ F.[f(x)]cossdx = \/7'[ \/7e‘scossxdx

=—| e cossxdx_—
I 7Z'[X2+1]

8. Find FST of f(x)=e™*
Solution:

18



FLT(X)]= \/ZT f (x).sin sxdx = \/zTe‘X.sin sxdx
i 7o FLf(0]=, 2 ) cos xdx
T

[ [—sin sx—scossx]]y
5?41 sin sx smsx
X)) + j
_\/; 78t 41 s2s coss cos0
- I Ea— ]

S
9. Find FCT of f(x)=e*

FLf(X)]= \/%I f (x).cos sxdx = \/%Ie‘x.cos sxdx
0 0
_ E S

(

7 s +1

)

10. Find FST of *
X

Solution:
We Know that

FLf(¥)]= \/%T f (x)sinsxdx =, |

_ 2 {(Xsmsx)} _jsmsx Ix:l
s "l 3 s

2| [cossx]" 2[cosszr 1
=40+ 2 A 2 2
r st |l s s
13. State the Fourier transform of the derivative of a function (or)

If F[f(x)]=F(s) then Prove that F|x"f(x)]=(-i)"

11. Find FCT of f(X Solution:

1 7% .
—— | f(x)e™dx
= J ()

Diferentiating this both sides with respect to s in n times

Solution: F(s]=

19



dn 1 “ s \N Aisx _ -niw n isx :iw isx
—nF(s)—ELOf(X).(lx) e™dx = (i) \/Z_L{X f (x)}e™dx F(s] \/Eif(x)e

qn Diferentiating both sides tto s in 2 times
(- |) F(s) F{x" f (x)}, Hence proved.
14. State and prove change of scale property of FT. T B (x)Jedx = —F X2 f (x]
J T —0
Solution:
Statement: If F[f(x)]=F(s),then F{f (ax)}= ﬁ F(g)
Proof:

F{f(ax)}=% I f(ax)eisxdx:% j f(t)ei[a]t%

j f (ax)e'dx =

J_J f(t)e

j at [put ax=t
a

for a>0,
1 (s adx = dt]
F{f(aX)}=gF(gj& 1 OO
for a<0, __TJ; (t)
F{f (ax)} = —i F Gj \ - E{f (ax)} = é F Gj Hence proved.
s
- H (ax)}— F (E) :1ce proved 17.If F [ f (x)] = F(s) then Prove that F [eias f (x)] =F(s+a)

Solution:

\ Fle®f(x)]= % T e £ (x)dx = F(s+a) [ F(s) = % T e f (x)dx]
15.1f F[f(x)]=F ve that ®[ x* f (x) | = - F(s)
Solution:

20



2 1 % 1 7
18. P F[f"(X)]=-s°F.(s)—.[—f (0). F[f(x-a)|=—— a)dx [ F(s)=—— | e™f(x)dx
rove F[f"(x)] sc(s)\/;() [f(x-a)] mj yax [ ()@L (x)dx]
Solution:
FLf"(X)]= \/Z]E f "(x)cossxdx = \/zTcos sxd[ f'(x)]
”0 ”0 -
- \/% {[cos SRR —I £1(x)(=sin sx).sdx} - \E [-f0)]+ \Es£ £ 1(x) sin sxclx on _jw f (t)e™dt

f (x) cos sx.sdx Rdx = e F (s)

- %[f'(0)]+\/%sTsinsxd[f(x)]dx:— %[f‘(O)]+s\]§{[sinsxf )], -

0

o3

=— g[f '(0)]—32\/2Tf(x)cossxdx = g[f '(0)]-s°F,(s), Hence proved
T T ) /A

: _ x, for|x|<a
19. Find complex Fourier transform of f(x) = 0, for
, for

Solution:

0

1 f(X)=\/%TFC[f(X)]cossxds
F[f(x)]:EIe 0

22. Define Fourier Sine transform and its inverse.
Solution:
FCT of f(x) is defined as

Sf (X)dx =

1 aeisa ae—isa
+

\/Z is is

1 [-2ai ’2“’ .
=——| ——Cossa+ F[f(x)[or K |s|=,[—] f(X)sinsxdx
x/27z": S S[ ()] s[] ﬂ__([ (x)
i 2. Its inverse is defined by
7

f(x)= \/%T F,[ f (x)]sinsxds

23. When a function is called self reciprocal with respect to
FT.Give an example.
Solution:

20. Prove F [ f
Solution:

21



1 7 o - 27. State Convolution Theor

If Ff(x)] s I f (x)e™dx = F(s),then f(x) is said to be self Solution:
T e F(f*g)=F(s)G(s) if
reciprocal. For example € 2 is self reciprocal

. —xZ —s?
SNCEFE|e 2 |[=e 2 .

24. State Parseval’s Identity function of Fourier transforms.or 28. Find t
Energy theorem function of FT.
Solution:
If F(s) is the Fourier transform of f(x), then

T|f(x)|2 dx = T|F(s)|2 ds

f(x)]&G(s) = F[g(x)],then

—t)dt

1
25. Prove thatFs[f(x)cosax]_E[Fs(s+a)+Fs(s—a)]. sin ax _
. T dx=Ze
Solution: 1+ x? 2

Fs[f(x)cosax]z\/gf f(x)sin sxcosaxdx=%><\/§_f f (x)[sin(s +a) +sin

= %XH\/ZT f(x)[sin(s+ a)]dx}+
7o

:%[Fs(s+a)+ F.(s-a)]

26. Prove that F, [ f (x)sinax]= %[

Fs[e‘ax]z\/zofe‘axsinsxdx= 2_s a>0
Y

ra®+s?’
\ By the inversion formula for sine transform

f(x)= ‘/Ej F. (s)sin sxdx
T 0
Fe[f(x)sinax] = Ej f (x)sifax. +s) +sin(a—s))]dx
VA

. _ /ET /3( _s stinsxds
EIf(X)[Sin(a—S)]OIXH 7o\ z\s?+a
| T

0

Solution:

[ee]

1 ssin sx T T
==[F(a+s)+ — —— dx==f(x)==e*,a>0
2[ (a+s) -([a2+32 > ( ) > >
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tssinas T
jﬁds=—e"‘a

sa” +s 2
Puts=xanda=1, we get

T Xsin mx T 4
[N mX gy Ze

5 1+ X 2

PART B

1-x%in|x|<1

. Find the Fourier Transform of f(x) = ) . Hence
0 in| x|>1

TS8INS—SCOSS
prove that | ————— 0s S ds =7
0 S 2 16

2 xlka .

. Show that the F.T of f(x)= IS

0 ;|x>a>0

, \/Z (sin(as) —as cos(as)j
r s '

Tsin X — X COS X
0

Hence deduce that

3

dx:Z and I
X 4 5

. Show that the F.T of f(x)=
F(ﬂj .hence sho
7 S

(ii)T(Sitlt) dt =

. Find the Fourie

\

1-| x|, |x]|<1

X |>1 and hence
s >

find the value of | (%
0

23

1, |x|<a

5. Find Fourier Transform )if f(x)= .
0, |x|>a>0

1, |x]|<2
I xl< and hence
0, |x|>2

ra<x<h

7. Fin (compl

YETof f(x)= {gikx

Xx<a, x>b

—alx|

urier Transforms of e ,a>0.Hence deduce that

. . |2 2as
|)F(xe‘a'x')=|\F— S

. COS Xt T _ax
(||)I =53¢ Al

9. Find the Fourier transform of f(x) = 1

X

10. Find the infinite Fourier transform of the function e ™ .Hence

deduce the infinite Fourier transform of e 2 .

11. Find F.S.T and F.C.T of €% and hence evaluate (|)J‘ix2
(x +a )
x2dx
(ii) j ——
(x +a )



12.

13.

14.
15.
16.

17.

18.

19.

20.

21.

2

latef—zdx if a>0.
0 (a® +x%)

Obtain the F.C.T of 1—x* in (0,1)and hence deduce that

Txcosx—sinxCO dX_3_7T
: 3 2 16

22. Using Parseval’s identit

23. Evaluate j ourier transformation
0

Find the Fourier sine and cosine transform of

Find the Fourier cosine transform ofe ™

—ax

Find the Fourier sine transform of the function f (x) = €

Find the infinite Fourier sine transform of the function

—ax

f(x) =2
X
1

X

. hence deduce the infinite Fourier sine transform of

—as

L. . e
whose Fourier sine transform is

, (@>0)

. PN 1 olve the"integral equation wf x)cos Axdx =e™* , where A =0.
Find the Fourier sine transform of = gral eq g (x) :

X

(i) Prove that e 2 is self reciprocal under Fo
—x2

(ii) Prove that T (X) = xe 2 isselfr

FCT.

Find Fourier sine and cosine trag

nd dedA UnitV - Z - Transforms
PART - A

Issm sxds and Icossxds
. s’ +a’ s*+a
2 ) . a" | .

Find the Fourier Cosine ; *and hence find 1. Find Z {m} in Z — transform.

: : _ ) } , )
the Fo_uzrler C irier Sine Transform Soln: || =S ey :1+1(§j+1(§) L

) nt] &" mz) 2!

of xe ? :
(i) State and prove em in Fourier transform 2. Find £ [e_'at] using Z- Transform.

(i1) State and Prove Pa I’s Identity in Fourier transform.
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Soln: Soln: Z{f (n+1)}=

Z[e™] =Z[cos at]-iz[sinat] = 2(2-cosaT) _j__zsinal N N ) S n
2 -2zcosaT +1  z°—2zcosaT +1 Zf(n+1)2 :ZZf(n =1z Zf(n)z - f(0)
3. State and Prove initial value theorem in Z — Transform. n=0 n=0 n=0 :

Soln:  Statement: If Z[(n)]=1 (2).then f(0)=lim F(2) —7[T(2) - 1 (0)]

Proof: F[z]zif(n)z‘” = f(0)+%+¥+...
_ - lim F(2) = £(0).
4. Find the Z- transform of (n+1) (n+2).
soln:  z[(n+1)(n+2)]=z| n*+3n+2] =2(n*)+32(n)+22(1)

2’ +z 3z 22
= S+ 7t
T

(-1 (-ay

(2) then prove thatz[an f (n)]Z Z[f (n)]z_g :

:| _ %_ _ az
=y

28 +2+32° -32+22(2° - 22 +1)
(z-1)

z[(n+1)(n+2)

oln: z[a"f(n)] :Z;z‘"a"f(n):; f(n)(%) :F(%)
. Find Z[sin %} ,

Soln: z[sin ng|=

5. Find the Z - Transform of (n+2).

Soln: zsin@

72 —2zc0s6+1

czZ[sin = Z ( sin % =1).

72> +1

Z[n+2]=Z(n)+z(2)=
(z

12, Find 2| @" |

Soln:  z[ a" ] =ian z” :ia_n :i(

n=0 n=0 VA n=0

- -1
Put E:x, ZX" =1+ X+ X +..= (l—x)fl = (1—% =(i)

z n=0



13. State Convolution theorem on Z- transforms.
Soln: If z[f(n)]=F[z]andz[g(n)] =G[z] , then
z[ f(n)*g(n)]=F[z] G[z] , where f(n)*g(n) is defined
f*g=> f(n)g(n—Kk).
k=0

14. Find z[nz]
Soln:  z[n* |=z[n.n]

= .c.z[nn]=-2z.F (z2)=-z dz{( —Zl) }

(t+T)]=z[f(2)- £ (0)]

f(nT+T)z™"

D E[(n+)T |z

0
n=|

0
z i f [(n +1)T:| 77
n=0

=..Z i f[kT]z™
k=1

k.t z(n): z =—z(z -D(z+22) _ 2(z+1) .
(z—l)2 (z-1* (z—l)3

15. State and Prove first shifting theorem.
Soln: Statement:

If zf(n)=F(z) then z[e™ f(n) k—f(O)} =z[f(z)-f(0)].

Proof: By definition, z[f(n)] Zf(n 7"

z[e’a” f(n)]=§:e’a” f(n).z "5

19. Find the Z- transform of 2" *n

Soln:
2

2[2”*@ =Z[2n:|-z[n] :Zig'(z_zl)z :(z—l)i (z-2)

20. Find the Z- transform of cosn@and sinng.



Soln: Z[e_in9]=2[(e_i9)”]= Zi

y

_ z2(z-€Y) _z(z-cos@)—izsing
(z-e"")z-€") 2 -z(e""+e")+1

z(z—cos@)—izcos
z°—2zc0s0+1

z[cosn@—isinnd]=

a
21. Find the Z —transform of Fe 2
Soln:
an o0 an
-a _ ad _-n_n,-a
zje . — =>e -z " =e , F[g 1
n: n=0 n: = |e1 = =
2> +7z+10 z 2> +7z+10 (z+2)(z+5)

22. Find z(n.3")

TTaE } by Partial fraction

1 z 1 z
=3 30

. 1 w1, o
=7 1[F[z]]=§(—2) —g(—s) _
25.Solve y,., —2y, =0 giveny, =2.

Taking Z-transform (z—2) z(y(n)) =2z
22 22

= Z[y(n)]= — ~y(n) = z‘l[—z} =22"=2"

Soln: w. k.t Z
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2 2
26. Using convolution theorem, find Z‘{Z—}. (iv) Z‘{Z—}

(z+a)* (z—a)(z-b)
4 2 |
z [(z+a)2}

z-{i.i}z-{i}*z*{ } (ca)"*(-a)"
Z+a Z+a Z+a Z+a

o0

=2 (a) (-a)" = (n+1)(-a)".

k=0

(ii) Z_{—Szz }
(2z-1)(4z+1))

| o2
(z-D)%(z-2)

o 10z
} i)z {(z—l)(z—Z)}
{ z } { 322 +2 }
(viil) | =————
2 +72+10 2°-32°+4

a 473
(2z-1)?%*(z-1)

TYPE-I1I (Using residue theorem)

4l 2(z+1) 22 10z
0z [ }() {(z 2+ 4)}( )2 {( _1)(2_2)}
. 22 z
vy z- {(z 5)(z+2)} V) 2 {22—22+2}

N o 9z
i) 2 {(32—1)2(2—2)}

2
ii)Z{ : 2} 4. Solving difference equation:
(2-2) (8) y(k+2)—4y(k+D)+4y(k) =0;n20;  y(0) =L y()) =0

PARTB

Find Z -transform of (|)z{ } (i) Z { 2n+3
(n+1)(n+2)

=

(iii) Z[ nnt L 1)} (iv) Z{cos —} (V) Z[n(n-D)] (vi) Z

(vii) Z[e™ cos bt] (viii) Z[n*] (ix) Z[e't’]
2. State and prove final value theorem in Z -trans
3. State and prove second shifting theorem in
4. State and prove Convolution theorem on

. Prove that (i)Z(”)z( _Z

o))

ol

TYPE-I (Using convol

0 z-{ -
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(b) y(n)—4y(n-)+4y(n-2)=0,n>2, y(0)=3; y1)=-2
(©) Yni2 +6Ynia +9Y, =2"n20;  yo=0;y; =0
(d) Yniz =5Ynia +6y, =4"n20; v =0;y; =1
(€) y(n+3)-3y(n+1)+2y(n)=0;n>0; y(0)=1 y(1)=0; y(2)=8
() Yoz +¥a=n2"n20;  yo=a y;=b
(9) y(n+2)-3y(n+1)+2y(n)=2",given y(0) = y() =0.
(h) y(n+2)+3y(n+1)+2y(n)=0, given y(0) =1, y(1) = 2.
(i) y(n+2)—-3y(n+1)—-10y(n)=0,given y(0) =1, y(1) =0.
() Yo, +2Y,,+Y,=ngiven Y, =Y, =0
(k) u,,, +4u,,, +3u, =3" with u, =0,u, =1
(1) Yne2-TYn+1+12y, = 2", Given yo=y;=0
5. Form the difference equation from
) Y(n)=(A+Bn)2" (ii) Y,=A3" (iii) Y(n) =a + b3"
(iv) Y(n) = (an + bn?)

Prepared by
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